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Spin-1 bosons on a 1-dimensional chain, at incommensurate filling with anti-ferromagnetic spin
interaction between neighboring bosons, may form a spin-1 boson condensed state that contains both
gapless charge and spin excitations. We argue that the spin-1 boson condensed state is unstable, and
will become one of two superfluids by opening a spin gap. One superfluid must have a spin-1 ground
state on a ring if it contains an odd number of bosons and has no degenerate states at the chain
end. The other superfluid has a spin-0 ground state on a ring for any numbers of bosons and has a
spin- 1
2
degeneracy at the chain end. The two superfluids have the same symmetry and only differ by
a spin-SO(3) symmetry protected topological order. Although Landau theory forbids a continuous
phase transition between two phases with the same symmetry, the phase transition between the
two superfluids can be generically continuous, which is described by a conformal field theory (CFT)
su(2)2⊕u(1)4⊕su(2)2⊕u(1)4. Such a CFT has a spin fractionalization: spin-1 excitation can decay
into a spin- 1
2
right mover and a spin- 1
2
left mover. We determine the critical theory by solving the
partition function based on emergent symmetries and modular invariance condition of CFTs.
Introduction: 1+1D spin-1 charge-2 boson system at
incommensurate filling has SO(3) × U(1) × Ut(1) sym-
metry, where Ut(1) is the translation symmetry. Be-
sides the boson condensing state that has gapless spin-1
charge-2 excitations, anti-ferromagnetic spin interactions
can lead to superfluid states. The superfluids have fully
gapped spin excitations1 and gapless charge excitations.
(For integral filling, see Ref. 2.) Under the protection of
SO(3) × U(1) × Ut(1), there can be two such kinds of
superfluids:
(1) two spin-1 bosons form a spin-singlet bound state and
the spin-0 charge-4 bosons form a superfluid, which is re-
ferred as non-topological superfluid (nTSF).
(2) In some sense, the spin-1 bosons fractionalize into
charge-1 spin- 12 ’s. The spin-
1
2 ’s form singlet pairs and
then the spin-0 charge-2 pairs form a superfluid. Or more
precisely, the spin part is analogous to the AKLT state
in a spin-1 chain3,4. The resulting superfluid is referred
as topological superfluid (TSF).
For a system on a ring with N charge-2 spin-1 bosons,
when N is even, both the nTSF and TSF has a spin-0
ground state. However, when N is odd, the ground state
of the nTSF has spin-1, (resembling the dimerized phase
in spin-1 antiferromagnetic chain,) while that of the TSF
is still a spin-0 state. Moreover, for a system with open
ends and N is even, only the TSF has emergent a spin- 12
at each end.
Conventional Landau theory forbids two phases with
the same symmetry to have a continuous phase transi-
tion between them. In this paper, we show that there is
a consistent theory to describe a continuous phase tran-
sition between the topological and the non-topological
superfluids. (Some examples of topological phase transi-
tions that do not change the symmetry can be found in
Ref. 5–11.) The critical point is described by a conformal
field theory (CFT) built from u(1)M and su(2)k current
algebras12. We find the phase boundary of the two super-
fluids may allow more than one CFT that share the same
lattice symmetry. Among them, only one set of CFTs,
namely u(1)M ⊕ su(2)2⊕u(1)M ⊕ su(2)2 that are consis-
tent candidate of critical theory with a single symmetric
relevant operator (and smallest central charge). We ar-
gue that this theory describes the spin-1 boson condensed
state with anti-ferromagnetic interaction. When perturb-
ing the state with the only symmetric relevant operator,
the system flows to either one of the above two superfluid
phases. Meanwhile, we hope to provide a new way to find
consistent symmetric critical theories based on modular
invariance of CFTs and anomaly matching condition of
symmetry charges. We also proposed a bosonic model
that realizes the topological superfluid phase.
Topological superfluid: We propose to find the TSF
phase in the doped t-J model composed of hard-core spin-
1 bosons. The Hamiltonian of one such model could be
H =− t
∑
j,σ
(b†j,σbj+1,σ + h.c.)] + U
∑
j
nj(nj − 1)
+
∑
j
[
J1~Sj · ~Sj+1 − J2(~Sj · ~Sj+1)2
]
(1)
where σ = ±1, 0 is the spin index, ~Sj is the spin on site j
and nj =
∑
σ=±1,0 b
†
j,σbj,σ is the boson density on site j,
which we restrict to be 0 or 1. When the boson number
N and site number NL are equal N = NL, the above
system is in the AKLT state for small J2 and is in the
dimmer state for a larger J2 > J1 > 0. After we add
some small doping, N < NL and
NL
N ≈ 1, we expect the
AKLT state to become the TSF state and the dimmer
state to become the nTSF state.13
Partition functions of U(1)×SO(3) symmetric crit-
ical theories: In general, it is difficult to find the crit-
ical point of strongly interacting models such as (1). In
this paper, we provide a procedure to determine the low
energy theories of possible critical points, by identifying
partition functions, based on current algebra and modu-
lar invariance of a conformal field theory. Physical data
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2of a symmetric critical point is all low energy excitations,
their energies as a function of momentum, together with
their charges under the symmetry. The 1+1d critical
point has the nice feature that the low energy gapless
excitations can be described by a conformal field the-
ory. When the critical point is between phases under
symmetry protection, the CFT has extended current al-
gebra. One famous example with explicit Lagrangians
is Wess-Zumino-Witten (WZW) models.14,15 Traditional
treatments of the critical theory start with first mapping
the spin model to a free fermion model and then non-
abelian bosonizing local operators. However, CFTs with
the same current algebras actually can have more than
one IR solution of CFTs. Their distinction is clear in the
operator content, but rather subtle in the Lagrangians.12
Here, we take a new route by directly constructing par-
tition functions of the critical theory based on symme-
tries, anomalies and constraints on local operators. The
complete physical data are encapsulated in the partition
function of a CFT.
The partition function of a CFT defined on a Euclidean
spacetime torus is given by
Z(τ) = Tre−Im(τ)H+iRe(τ)K (2)
where H is the Hamiltonian, K is the total momentum
operator. τ is a formal parameter describing the shape of
the torus. Re(τ) and Im(τ) can be viewed as the period-
icity in space and time direction respectively. All fields
in 1 + 1d CFT can be factorized into right- and right-
moving fields, f(z = x1 − ix0) and left-moving fields
f(z = x1 + ix0), where x1 and x0 are space and time
coordinate. The critical point under consideration is also
invariant under G = SO(3) × U(1) onsite symmetry. In
the low energy, G can act on f(z), f(z) independently.
The symmetry is thus enlarged to G × G. All opera-
tors in CFTs with this enlarged symmetries can be con-
structed from the currents and representations of su(2)k
and u(1)M current algebras, (which we explain below,
also see Appendix A) where the integer number k and
M are called levels. That levels are integers is a prop-
erty of rational CFTs. IR fixed points of WZW models
with non-Abelian group are believed to be rational based
on one-loop renormalization group computation.14 Lev-
els and symmetry charges are restricted by U(1)×Ut(1)
mixed anomaly, a character of boson condensed state.
A necessary condition for a CFT to describe a bosonic
critical theory of a lattice model is that the Euclidean
partition function must be invariant, under modular
transformation of the torus,
S : Z(τ)→ Z
(
−1
τ
)
, T : Z(τ)→ Z(τ + 1). (3)
Namely tori with shape τ , − 1τ and τ + 1 are all confor-
mally equivalent and share identical (bosonic) partition
functions.
Following the working assumption that CFTs with
modular invariant partition functions always correspond
operators spin charge Ut(1) h, h
e± iϕV su221,m 1 ±2 ± 12kB 1, 0
e± iϕV
su22
1,m 1 ±2 ∓ 12kB 0, 1
e± i (ϕ+ϕ) 0 ±4 0 1
2
, 1
2
e± i (ϕ−ϕ) 0 0 ±kB 12 , 12
e± iϕV
su22
1,m 1 ±2 ± 12kB 12 , 12
V su221,m e
± iϕ 1 ±2 ∓ 1
2
kB
1
2
, 1
2
V su221,m V
su22
1,m′ 0, 1, 2 0 0
1
2
, 1
2
e± i
ϕ+ϕ
2 V su221
2
,± 1
2
V
su22
1
2
,± 1
2
0, 1 ±2 0 5
16
, 5
16
e± i
ϕ−ϕ
2 V su221
2
,± 1
2
V
su22
1
2
,± 1
2
0, 1 0 ± 1
2
kB
5
16
, 5
16
TABLE I. The local operators (the primary fields) in the ZA-
CFT, which is a version of the su(2)2⊕u(1)4⊕su(2)2⊕u(1)4
CFT. And their spin, U(1) charge, and Ut(1) charge.
to 1+1d quantum (bosonic) models on a lattice, we con-
struct UV completable CFTs. In particular, there is one
set of CFTs, each has a single relevant symmetric direc-
tion. They describe critical points of lattice models with
U(1)× SO(3)× Ut(1) symmetry.
The simplest one has the following partition function
ZA(τ) =
∣∣χu140 χsu220 + χu142 χsu221 ∣∣2 (4)
+
∣∣χu140 χsu221 + χu142 χsu220 ∣∣2 + ∣∣χu141 + χu143 ∣∣2 ∣∣∣χsu221
2
∣∣∣2
Here, the CFT is generated by su(2)2⊕u(1)4⊕su(2)2⊕
u(1)4 current algebra acting on right and left movers. In
general for positive integral level k and M , the partition
function Z(τ) of a rational (finite) CFT can be organized
into a finite sum, Z(τ) =
∑
µ,νMµνχµχν . It means phys-
ical excitations are (finite number of) representations of
both right and left current algebras, labeled by µ, ν re-
spectively. χµ (χν) is a so-called character associated
with the primary field of right(left) current algebras. The
character χµ encodes the spectrum of excitations that are
also the representation µ of current algebras. The multi-
plicity Mµν must be a non-negative integer, representing
the number of times the excitations (µ, ν) appear in the
spectrum.
The u(1)M and su(2)k CFTs are well-established.
12
Concisely, the character χu1Mm of u(1)M CFT, where 0 ≤
m < M and R2 = M , (see supplementary material for
the exact form) corresponds to primary fields of u(1)M
current algebra,
e i (
m
R+nR)ϕ(z). (5)
The u(1)M primary fields represent the gapless charge
excitations and carry the U(1) charge quantum number.
In addition, they also carry the Ut(1) quantum number
(or large momentum, explained later). The character
3χsu2kj of su(2)k CFT, where j = 0,
1
2 , · · · , k2 , corresponds
to the primary fields of su(2)k CFT, denoted as V
su2k
j,m ,
where m = −j,−j + 1, · · · , j. They represent gapless
spin excitations, carrying spin quantum number.
ZA is modular invariant under S and T transforma-
tion shown in Appendix A 2. Now we show that ZA-
CFT in (4) describes the critical point between the
two superfluids. The critical theory between the two
superfluids is first a spin-1 charge-2 boson condensing
state. All gapless excitations must carry integer spins
and even charges. The minimal charge is 2 and the
minimal spin is 1. Generically, CFTs constructed from
su(2)k ⊕ u(1)M ⊕ su(2)k ⊕ u(1)M current algebra for
a fixed level k and M are not unique, but can have
many versions corresponding to different modular invari-
ant partition functions. They are all candidates to de-
scribe charge-2 spin-1 boson condensing states. These
states may even be transmuted into one and other under
interactions (that are marginal and symmetric). How-
ever, some condensing states are more stable than others.
First, the integral spin sector su(2)k with smallest possi-
ble k is most stable. Since su(2)k CFT with smaller k has
a smaller central charge 3kk+2 and is more stable under RG
flow where the central charge can monotonically decrease
or stay the same at best. Second, the spin sector is most
naturally realized by su(2)k CFT with even k. In fact,
if we gap the charge sector by (U(1) or Ut(1) symmetry
breaking) perturbations, the charge sector is insulating,
the spins effectively become a spin-1 chain. On a spin-
integer chain, the phase transition respecting SO(3) and
translation symmetry can only be su(2)k CFTs with even
k.16,1718We conclude that su(2)2 CFT for the spin sector
is the most stable. Its primary fields can carry spin 0, 12
and 1.
The charge sector is built from u(1)M CFTs. Charge
excitations are described by u(1)M primary field (5). The
purely left charge-2 spin-1 boson e iaφV su221 must have
conformal spin h−h = 1 and that fixes e iaϕ to have scal-
ing dimension h = 12 and a = 1. (In this paper, we adopt
the normalization such that 〈ϕ(z)ϕ(z′)〉 ∼ (z−z′)−1 and
similarly for left-moving field ϕ.) The low energy field
can always factorized into left and right movers, we allow
charge-1 primary field in left (right) u(1)M current alge-
bra, which would be e i
1
2φ, therefore the minimal level we
need is M = 4 by comparing with (5). (Other consisi-
tent levels are shown in Appendix D.) e i
1
2ϕ and e i
1
2ϕ,
each carries charge q = 1 so that there are local exci-
tations e i
ϕ+ϕ
2 V su221
2 ,l
V
su22
1
2 ,l
carrying the minimal charge 2
and spin 0 or 1.
The critical point is also invariant under Ut(1) transla-
tion symmetry. The Ut(1) quantum number can only be
carried by u(1)M primary fields, to be consistent with fu-
sion rules among primary fields. Boson condensed states
have a mixed U(1) and Ut(1) anomaly. This property is
useful to restrict the levels of u(1)M CFTs and fix the
Ut(1) charge in each critical theories. We first define
the Ut(1) “charge”. In the gapless bosonic system in 1d,
L RL R
FIG. 1. For right-moving fermions with charge q and Ut(1)-
charge qt on a ring, adding a 2pi/q-flux of U(1) through the
ring will creat a fermion and add a Ut(1)-charge qt. So the
U(1)×Ut(1) mixed anomaly for the right-moving fermions is
given by qqt, i.e. 2pi-flux of U(1) will create a Ut(1)-charge
qqt. Similarly, for left-moving fermions with charge q and
Ut(1)-charge −qt, the U(1)× Ut(1) mixed anomaly is qqt.
there are low energy excitations carrying small momen-
tum ∼ 0, representing for example phonon modes. There
are also low energy excitations with large momentum.
They are center of mass motions of all bosons that can
be generated by Galilean boost. Each boson is excited
with a momentum kick of the order 2piL , and the total
momentum change is of the order N 2piL ≡ kB = 2pia ν,
proportional to the boson density, where N is total bo-
son number, a is lattice spacing and ν = NNL is the boson
filling number. We denote momentum of the center of
mass motion as the Ut(1) “charge” qt, which is always of
order kB . Excitations with momentum kB has qt = 0.
The center of mass motion can also be viewed as an ex-
citation that changes the boundary condition of the field
in u(1)M CFT from a periodic one to φ(L) = φ(0)+
L
N qt,
which is sometimes called a large gauge transformation.
(More physical discussion is in Appendix B.)
A boson condensed state has a characteristic feature.
Modes with the center of mass momentum can be excited
when pumping U(1) flux through the ring. To measure
this mixed anomaly in charge-2 spin-1 boson condensing
state, we turn on a U(1)-flux Φ = 2pi through the ring.
The process boosts each boson that carries U(1) charge
q = 2 by a momentum qΦL =
4pi
L , thus in total changes
qt by 2kB . Low energy theories shall carry this amount
of anomaly. The Ut(1) charge of local operators is de-
termined in accord with U(1) charge via matching the
mixed anomaly. The anomaly of the operator e± i (ϕ−ϕ),
carrying total charge q = 0 and non-trivial qt, is most
manifest to compute. The right-moving part e iϕ has
scaling dimension (h, h) = ( 12 , 0) and thus represents a
chiral fermion. Its left charges are q = 2 and qt to be
determined. The right-moving part e iϕ has U(1) charge
q and qt (and similarly, the left-moving part e
− iϕ has
−q and qt charges) . Adding 2pi-flux of U(1) would cre-
ate q right-moving fermions and change Ut(1) charge by
qqt; and annihilate q left-moving fermions and change
Ut(1) charge by qqt, as illustrated in Fig.1. The to-
tal change of Ut(1) charge is 2qqt. That it equals 2kB
fixes qt =
1
2kB . It follows that in total, the operator
Oe,b(z, z) = e
i
(
e√
M
+ b2
√
M
)
ϕ+i
(
e√
M
− b2
√
M
)
ϕ
has charges
q = 2e, qt = bkB (6)
The partition function ZA determines all allowed local
4excitations, operators corresponding to primary fields,
organized in Table. I. The local operators carry spin,
charge, and translation Ut(1) charge. The spin quantum
number is the same as the spin j of primary fields in
su(2)k CFT. All local operators in Table I carry even
charges. However, there are excitations with fraction-
alized Ut(1) charge ± 12kB . Furthermore, the excitation
carries spin-0, and charge-0 (left charge ±2 and right
charge ∓2. Such an excitation is indeed created by
adding pi-flux of U(1) through the ring.
The CFT with ZA is a representative of a series of
su(2)2 ⊕ u(1)M ⊕ su(2)2 ⊕ u(1)M CFTs with M = 0
mod 4, which are all Z2 orbifold CFTs. We list the op-
erator content in Table VI and explained in Appendix
D. We see that minimal charge is ±2, minimal qt charge
is ± 2M and the mixed anomaly is 2kB . In each theory,
there is only one relevant operator O symmetric under
SO(3)× U(1)× Ut(1) symmetry.
As shown in Table I, the single symmetric relevant op-
erator is
O =
∑
l=x,y,z
V su221,l V
su22
1,l (7)
that carries trivial quantum numbers and total scaling
dimension ∆ = h+h = 1 < 2. We would like to show that
this perturbation drives the critical state to a superfluid
state where all spin excitations are gapped.
Topological continuous phase transition between
superfluids We consider the two phases connected by
the critical theory ZA perturbed by the relevant oper-
ator O. First the perturbation is all within the spin
sector su(2)2 ⊕ su(2)2 with central charge c + c = 3.
The spin sector can be described by three Majorana
fermions that form the spin-1 representation of SU(2).
The relevant operator O corresponds to SU(2) symmet-
ric mass term of Majorana fermions with scaling dimen-
sion ( 12 ,
1
2 ). Adding the mass term can gap out all spin
excitations. Therefore, the critical state described by
su(2)2⊕u(1)4⊕ su(2)2⊕u(1)4 , a spin-1 charge-2 boson
condensed state, is unstable against the gap openning for
spin excitations.
At incommensurate filling, translation symmetry can-
not be spontaneously broken. The gapped spin sector
is therefore SO(3) × Ut(1) symmetric. Based on 1 + 1d
SPT classification, the charge-2 spin-1 bosons can form
two stable phases where charge operators have algebraic
correlations, and all spin operators have exponential de-
caying correlations. One phase is the TSF and the other
is the nTSF1,2 introduced in the introduction.
The critical theory is also supported by its analog on
the antiferromagnetic spin-1 chain. There, the critical
point between the AKLT phase and the dimerized phases
that spontaneously break translation symmetry are be-
lieved to be described by su(2)2 ⊕ su(2)2 CFT, and the
transition is driven by O operator.16,19 This result is con-
firmed by DMRG calculation20. We believe that in the
superfluid case with all density configurations summed
over, the spin part of the transition is still described by
operators spin charge Ut(1) h, h
e± im
ϕ+ϕ
2 0 ±2m 0 m2
8
, m
2
8
e± i 2ϕ 0 ±4 ±kB 2, 0
e± i 2ϕ 0 ±4 ∓kB 0, 2
TABLE II. The local operators in the ZSFtop-CFT.
operators spin charge Ut(1) h, h
e± im
ϕ−ϕ
2 0 0 ± 1
2
kB
m2
8
, m
2
8
e± i 2ϕ 0 ±4 ±kB 2, 0
e± i 2ϕ 0 ±4 ∓kB 0, 2
TABLE III. The local operators in the ZSFtri -CFT.
su(2)2 ⊕ su(2)2 CFT. Combining that the charge part
is described by u(1)M ⊕ u(1)M . ZA-CFT can be tested
by DMRG computation in the model (1) at the critical
point. From the minimal exponent of boson to be 58 to
demonstrate that this is a critical point described by a
u(1)⊕su(2)2 CFT. One can find the minimal exponent of
spin-1 charge-0 with nearly vanishing momentum to be 1,
demonstrating that between TSF and nTSF, the critical
theory is u(1)4⊕ su(2)2 CFT with partition function ZA
(as opposed to ZB and ZC described in Appendix A 3.)
Since superfluid phases are gapless phases, they can
also be described by modular invariant CFTs. To obtain
the partition functions of two superfluids, we start with
the critical ZA-CFT. We may assume that the pure u(1)4
operators e± i 2ϕ that are mutually local with the gapping
operator in the spin sector remain. They appear in the
CFTs that describe the two superfluid phases and carry
same quantum numbers. This motivates us to use u(1)4
CFT to describe two superfluids. There are two modular
invariant partition functions for u(1)4 CFT’s. We believe
they describe the two superfluid phases. The partition
function describing the topological superfluid phase is
ZSFtop(τ) =
3∑
i=0
|χu14i (τ)|2 (8)
Its operator content is given in Table II. The U(1) ×
Ut(1) mixed anomaly remains 2kB . The minimal charge
is 2, as carried by the operator e i
1
2 (ϕ+ϕ). We stress that
while the low energy theory of TSF can be described by
u(1)4 CFT, the phase itself requires the gapped spin-1
sector to reveal its nature of fractionalization. The non-
topological superfluid is described by modular invariant
partition function
ZSFtri = |χu140 |2 + χu141 χu143 + |χu142 |2 + χu143 χu141 . (9)
Its operator content is given in Table III. The minimal
charge is 4, as carried by the operator e i (ϕ+ϕ).
5We have shown that ZA-CFT is consistent to describe
the critical point of charge-2 spin-1 bosons with antifer-
romagnetic interaction. Besides the proposal of a boson
t-J model, we also provide a construction of the ZA-CFT
from a spin- 12 fermion system in Appendix C. We show
that all fermionic excitations are gapped, the system is
effectively spin-1 bosonic and described by ZA-CFT.
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Appendix A: Modular invariant partition functions
In the low energy theory of a critical point with onsite
symmetry G and emergent conformal symmetry, 1 + 1d
conformal symmetry ensures all fields can be factorized
into left-moving and right-moving fields, including the
conserved currents associated with G. Left moving and
right moving currents are conserved separately with scal-
ing dimensions 1 and vanishing anomalous dimensions.
These currents generate left and right current algebras.
1. Current algebras
The currents J(z) = Ja(z)Ta, J(z) = Ja(z)Ta, where
Ta are generators of the Lie group G or the corresponding
Lie algebra g are conserved,
∂zJ(z) = 0, ∂zJ(z) = 0 (A1)
The generators of a current algebra gk at level k can be
defined via the operator product expansion of current
fields,
Ja(z)Jb(w) ∼ kδ
ab
(z − w)2 +
fabcJ
c(w)
z − w (A2)
From this, one see that the generators are primary fields
with scaling dimension (h, h) = (1, 0) and are also called
currents. The primary fields µ are representations µ of
the current,
Ja(z)φ[µ],i(w) ∼
ta[µ],ijφ[µ],j(w)
(z − w) (A3)
where ta[µ] is the matrix of J
a in the representation µ.
Though operator product expansion, the currents and
primary fields generate all operators in the current alge-
bra (and all possible corresponding CFTs).12
2. Characters of current algebras
u(1)M current algebra is generated by the current
∂zϕ(z) and e
i
√
Mϕ. The primary fields of the current
algebra are e
i m√
M
ϕ
, 0 ≤ m ≤M −1. The character χu1Mm
of u(1)M CFT is given by
χu1Mm (τ) =η
−1(q)
∞∑
n=−∞
q
1
2 (
m
R+nR)
2
, (A4)
where η(q) = q
1
24
∏∞
n=1(1−qn) is the Dedekind function,
0 ≤ m < M , and R2 = M . Under modular transforma-
tion S and T , the characters transform as follows,
χu1Mi (−
1
τ
) =
∑
j
Sijχu1Mj (τ), Sij =
1√
M
e− i 2pi
ij
M ,
χu1Mi (τ + 1) = e
− i 2pi24 e i 2pi
i2
2M χu1Mi (τ)
(A5)
6su(2)k is generated by J(z) = J
a(z)Ta, where Ta, a =
1, 2, 3 are generators of su(2) Lie algebra. The character
χsu2kj (τ) of su(2)k CFT is given by
χsu2kj (q) =
q(2j+1)
2/4(k+2)
[η(q)]3
(A6)
·
∑
n∈Z
[2j + 1 + 2n(k + 2)] qn[2j+1+(k+2)n]
where j ∈ {0, 12 , · · · , k2}. Their transformations under S
and T are
χsu2kj (−1/τ) =
∑
l∈P
Sjlχsu2kl (τ),
Sjl =
√
2
k + 2
sin
[
pi(2j + 1)(2l + 1)
k + 2
]
(A7)
χsu2kj (τ + 1) = e
− i 2pi 3k
24(k+2) e i 2pi
j(j+1)
k+2 χsu2kj (τ).
Based on the above S and T matrices, one can check
that ZA, ZB , ZC and all orbifold models in Appendix D
are modular invariant.
3. Other modular invariant solutions
There are, in addition, two types of su(2)2 ⊕ u(1)M ⊕
su(2)2 ⊕ u(1)M CFTs that are modular invariant. Their
partition functions are the products of modular invariant
partition functions of the u(1)M and the su(2)k part,
ZB =
(M−1∑
i=0
|χu1Mi |2
)( ∑
j=0, 12 ,1
|χsu22j |2
)
,
ZC =
(M−1∑
i=0
χu1Mi χ
u1M
M−i
)( ∑
j=0, 12 ,1
|χsu22j |2
) (A8)
ZB is the most familiar partition function for WZW
model with U(1) at level M and SU(2) at level 2. This
type of partition function is called diagonal, since the
operators carry the same left and right representations
of current algebras.
Their operator contents in the charge and spin sectors,
which are totally decoupled are given in Table IV and
V. Generic operators are products of operators in charge
and spin sectors. Quantum numbers are determined sim-
ilarly as in Table I, based on four requirements: (a) the
minimal U(1)-charge is 2 and other U(1) charges are mul-
tiple of 2; (b) the mixed U(1) × Ut(1) anomaly is 2kB ;
(c) there exists an operator with spin-0, charge-0, and
Ut(1)-charge kB ; (d) there exists an operator with spin-
1, charge-2, and Ut(1)-charge 0. The above conditions
can be satisfied only if M is even.
ZB-,ZC-CFTs also preserve U(1) × SO(3) symmetry
and may lie within the phase boundary between the topo-
logical and non-topological superfluid. However, both
operators spin charge Ut(1) h, h
e
± imϕ+ϕ√
M 0 ±2m 0 m2
2M
, m
2
2M
e± i
√
Mϕ 0 ±M ±kB M2 , 0
e± i
√
Mϕ 0 ±M ∓kB 0, M2
V su221
2
V
su22
1
2
0, 1 0 0 3
16
, 3
16
V su221 V
su22
1 0, 1, 2 0 0
1
2
, 1
2
TABLE IV. The local operators in the ZB-CFT, where 1 ≤
m < M .
operators spin charge Ut(1) h, h
e
± imϕ−ϕ√
M 0 0 ±mkB m22M , m
2
2M
e± i
√
Mϕ 0 ±2 ±M
2
kB
M
2
, 0
e± i
√
Mϕ 0 ±2 ∓M
2
kB 0,
M
2
V su221
2
V
su22
1
2
0, 1 0 0 3
16
, 3
16
V su221 V
su22
1 0, 1, 2 0 0
1
2
, 1
2
TABLE V. The local operators in the ZC-CFT, where 1 ≤
m < M .
theories have two symmetric relevant operators, singlets
composed from V 1
2 ,l
V 1
2 ,l
and V1,mV 1,m. They are, there-
fore, at best multi-critical points between the two super-
fluids.
Appendix B: Charges in superfluids and U(1)× Ut(1)
mixed anomaly
Consider a superfluid in 1+1d (one could view it as the
limit of a superfluid on a solid torus whose radius of the
cross section going to zero). The superfluid described by
φ(x) field can carry different center of mass velocity vs =
∂xφ(t, x). The momentum is P = Nvs, (where we set the
boson mass to 1.) and the superfluid field has boundary
condition φ(L) = φ(0) + vsL = φ(0) +
P
ρ , ρ =
N
L . One
cannot untwist the superfluid to φ(L) = φ(0) with vs = 0,
without tearing the superfluid. The discontinuity of the
compact bosonic field must be vsL = 2piRm, where m is
an integer, and R may be different from 1 describes the
interaction strength in the superfluid. Thus, P = kBRn,
where we denote kB =
2piN
L .
One can use u(1)M CFT to describe the superfluid
when M = R2 is an integer. The Hilbert space decom-
pose into sectors accordingly,
H = ⊕µ∈ZHµ, Hµ : φ(L) = φ(0) + 2piRµ (B1)
Exications in each sector are operators e i
e
Rφ(z,z) of
charge e ∈ Z, where we now use the left- and right-
moving coordinates, φ(z, z) = ϕ(z) + ϕ(z).
7Operators that maps states in one sector to the other is
O0,b = e
i b2R(ϕ−ϕ). Consider an excitation Oe,0 = e i
e
Rφ
with electric charge e going around an operator O0,b will
accumulate a phase of e i 2pieb. That is Oe,0(z+re
i 2pi, z+
re− i 2pi)Ob(z, z) = e i 2piebOe,0(z + r, z + r)Ob(z, z). This
phase accumulation is the same as the electrical charged
operator with changed boundary condition O′e,0(z, z) =
e i
e
Rφ
′(z,z) where φ′(L) = φ′(0) + 2piRb comparing to
Oe,0 = e
i eRφ where φ(L) = φ(0). Since the radial di-
rection of z is the spatial direction for CFT in a complex
plane. That is lim|δz|→0Oe,0(z + δz, z + δz)O0,b(z, z) ≡
O′e,0(z, z). The magnetic charged operator describes the
excitations that change the center of mass momentum in
a superfluid.
Creation of a vertex with vorticity qt can untwist the
superfluid and carries away the momentum by an amount
qt.
Now we apply the u(1)M CFT to described the charge
sector of the boson condensing state (on a ring) at the
critical point in the paper. To determine the U(1) charge
q and large momentum charge qt for excitation Oe,b.
O1,0 = e
i 1R (ϕ+ϕ) has the minimal U(1) charge, and we
require it to be 2. It determines q = 2e. The large mo-
mentum charge qt is determined by matching U(1)×Ut(1)
anomaly. Pumping U(1) flux through the ring adds a
large momentum 2kB . That is to change the bound-
ary condition of φ(x) field by 2kBLN , so the operator for
pumping 2pi flux is a magnetic operator with charge m
satisfying 2kBLN = 2piRb, therefore b =
2
R ,
O0, 2R = e
i (φ−φ) (B2)
which has scaling dimension
(
1
2 ,
1
2
)
. As described in the
main text, the left part ofO0, 2R has e =
√
M
2 , b =
1√
M
, left
charge q =
√
M , and left qt. The total mixed anomaly is
2qqt = 2kB determines qt =
1√
M
kB . Therefore, qt = bkB .
We arrive at the charges formula (6) of all excitations,
also listed in Table (VI).
In the diagonal and orbifold u(1)M CFT, all vertex
excitations are of the above form with R =
√
M, e, b ∈ Z.
In the charge conjugated u(1)M CFT, such as the charge
sector in ZC-CFT, all vertex excitations are of the above
form with R∗ = 2√
M
, e, b ∈ Z. This ensures the minimal
charge of local excitation remains to be ±2.
Appendix C: Construction of the critical state of
spin-1 boson from a spin- 1
2
fermion model
Here we present a realization of the ZA-CFT, start-
ing from a free fermionic model, and then turning on an
interaction. First, we will show that in an interacting
phase, the fermionic excitations are fully gapped and the
low energy theory is composed of purely spin-1 bosons
formed by fermion pairs. Next, we will show that the re-
sulting spin-1 boson system is in a critical state described
by ZA-CFT. In this construction, it is manifest to com-
pute the U(1) and Ut(1) quantum numbers of operators
in ZA-CFT.
To begin with, the Hamiltonian of a spin- 12 charge-1
electron model on 1D lattice is
H0 =
∑
i
(−tc†αa,i+1cαa,i + h.c.)− µc†αa,icαa,i (C1)
where α =↑, ↓ is the spin index and a = 1, 2 is the
flavor index. The chemical potential µ is chosen such
that the fermions are at incommensurate filling. At low
energy, the above model has two right-moving spin- 12
fermions with crystal momentum kF and two left-moving
spin- 12 fermions with crystal momentum −kF . Note
that 2kF = 2pi
nF
4 where nF is the total density of the
fermions. As the fermion pairs form the spin-1 bosons,
the boson density is nB = nF /2. Therefore, kB = 4kF .
The two right-moving spin- 12 fermions are described
by ψαa where α and a are the spin and flavor index as
well. Similarly, the two left-moving spin- 12 fermions are
described by ψαa. The model is translational invariant
and the role of crystal momenta here is analogous to U(1)
charges that are conserved mod 2pi. The low energy ef-
fective Hamiltonian density is given by
H0 = ψ†αa(x)iv0∂xψαa(x)− ψ
†
αa(x)iv0∂xψαa(x) (C2)
At low energy, generically the spin, flavor and charge de-
grees of freedom may have different velocities, the model
has an emergent [SU(2)s×SU(2)f ×U(1)]R× [SU(2)s×
SU(2)f × U(1)]L symmetry for right and left movers.
Correspondingly, the right movers of the above system
are described by a CFT with total central charge c = 4:
su2s2 ⊕ su2f2 ⊕ u1c, where the excitations in su2s2 carry
SU(2)s spin quantum numbers, the excitations in su2
f
2
carry SU(2)f flavor quantum numbers, and the excita-
tions in u1 carry the U(1) charges. Similarly, the left
movers of the above system are described by a CFT with
central charge c = 4: su2s2 ⊕ su2f2 ⊕ u1c4. Indeed, the
U(Ns×Nf ) Dirac fermion theory can be bosonized to the
SU(Ns)Nf × SU(Nf )Nc × U(1)NsNf WZW theory. The
levels for su(Ns) and su(Nf ) are determined from the
operator product expansion of currents.21–23 The level
for U(1) part is fixed by the condition that null states
constructed from currents must be primary fields.
The local operators in the theory are powers of the
fermion operators ψαa, ψαa. The fermion operators can
be represented in terms of the primary fields of the above
CFTs12,
ψαa ∼ e i
ϕc
2 σs e
± i φs2 σf e± i
φf
2 = e i
ϕc
2 V
su2s2
1
2 ,± 12
V
su2f2
1
2 ,± 12
ψαa ∼ e i
ϕc
2 σs e
± i φs2 σf e± i
φf
2 = e i
ϕc
2 V
su2s2
1
2 ,± 12V
su2f2
1
2 ,± 12
(C3)
Here, for right movers, which are functions of z = τ + ix
(τ and x are imaginary time and space coordinate),
8(1) ϕc is the bosonic field in u1
c CFT,
(2) ηs, σs and φs are the Ising CFT fields and the
bosonic field to represent su2s2 primary fields,
(3) ηf , σf and φf are the Ising CFT fields and the
bosonic field to represent su2f2 primary fields,
(4) V
su2s2
1
2 ,± 12
is the primary field of su2s2 that is also a
spin- 12 doublet. And similarly for V
su2f2
1
2 ,± 12
.
The fields for the left movers, which are functions of
z = τ− ix, are analogously defined. (In this paper, all the
bosonic fields are normalized such that 〈φ(z1)φ(z2)〉 =
− ln(z1 − z2), i.e. the scaling dimension of e iφ is 12 .) As
expected, the fermion operators are charge-1 spin dou-
blet, as well as flavor doublet. Their scaling dimensions
are 12 , which is in fact, what we use to determine the u1
part of (C3).
Next, we obtain the desired critical state by simply
gapping the flavor sector su2f2 ⊕ su2f2 . This can be
achieved dynamically by adding a strong repulsive in-
teraction for the flavor charges, for example,
V
su2f2
1,l V
su2f2
1,l′ ∼ψ†α,2ψα,1ψ
†
β,1ψβ,2 + ψ
†
α,1ψα,2ψ
†
β,2ψβ,1
+ ψ†α,iσ
3
ijψα,jψ
†
β,iσ
3
ijψβ,j , (C4)
which is symmetric flavor-pairing and contains Luther-
Emery pairing terms. More specifically, the term is a
singlet under both SUs(2) and SUs(2), symmetric under
U(1) and U(1), and a singlet under the diagonal subgroup
of SUf (2)×SUf (2), that is formed from the triplet under
SUf (2) and SUf (2).
It can gap out all the flavor fluctuations. The resulting
critical state is what we want, described by CFT
su2s2 ⊕ u1⊕ su2s2 ⊕ u1. (C5)
The total central charge is c = 32 +1 for right movers and
c = 32 + 1 for left movers.
Note that in the theory, all fermionic operators, shown
in (C3), carry half-integer flavor of SU(2)f , while the low
energy CFT (C5) contains only flavor-singlet excitations.
It means all low energy excitations are bosonic, and must
carry even charges and integer spins. The low energy
theory is, therefore, a bosonic theory. Furthermore, the
critical state should be viewed as a state of charge-2 spin-
1 bosons (i.e. electron pairs). It is interesting that such
a “superconducting” state can be induced by a repulsive
interaction in the flavor density channel.
We like to argue that the above critical state, su2s2 ⊕
u1⊕ su2s2⊕ u1, actually corresponds to the spin-1 boson
condensed state for anti-ferromagnetic spin interaction.
In the spin-1 boson condensed state, both charge U(1)
symmetry and spin SO(3) symmetry tend to be sponta-
neously broken. But in 1+1D, a continuous symmetry
cannot really be broken. Here we assume the spins of
the bosons form an algebraic anti-ferromagnetic order,
i.e. the neighboring bosons have opposite spins. (For
ferromagnetic interaction, the spins can have a true long-
range order that spontaneously breaks the spin rotation
symmetry.) Thus the spin of the bosons can develop
only an algebraic long-range order. We believe that the
gapless spin excitations in such a state are described by
the conserved su2 spin currents. And the gapless charge
excitations are described by the conserved u1 charge cur-
rents. Thus the critical state su2s2⊕u1⊕su2s2⊕u1 should
describe such a spin-1 boson condensed state where the
charge operators and spin operators both have algebraic
correlations.
The low energy theory of the critical state is completely
encapsulated in the partition function. For a CFT to be
a bosonic low energy theory, its partition function must
be modular invariant.24 To impose the modular invari-
ance condition, it is convenient to consider the theory on
the space-time torus, specified by two independent lat-
tice vector ω1 and ω2 on a complex plane. The partition
function of a conformal invariant theory depends solely
on τ = ω2/ω1, assuming all the low energy modes, in-
cluding right and left movers, has the same velocity that
is set to be 1. In the Hamiltonian formalism, the parti-
tion function for a bosonic system is given by eqn. (2).
We can use the u1N and su2k characters to construct
the modular invariant partition function. Before the con-
struction, that low energy local operators must be only
flavor-singlet further constrains the allowed operators. In
fact, we assume that all flavor-singlet excitations remain
gapless and to carry the same quantum numbers. In par-
ticular, one allowed type is given by
vwstψvψwψsψt ∼e i 2ϕc ,
vwstψvψwψsψt ∼e i 2ϕc .
(C6)
where vwst is the Levi-Civita symbol, with v, w, s, t tak-
ing values in {(a, α)|a, α = 1, 2}. They are spin-0 charge-
4 momentum 4kF = kB local bosonic operators with scal-
ing dimensions (h, h) = (2, 0) and (h, h) = (0, 2). They
are also purely chiral operators as they contain only right
movers or only left movers. Next we examine the charge-
2 spin-0 local bosonic operators
ψαa(iσ
2)αβ(iσ
2)abψβb, ψαa(iσ
2)αβ(iσ
2)abψβb. (C7)
However, in the low energy sector, the only purely chiral
charge-2 spin-0 operators built from eqn. (C3) are e iϕc
and e iϕc . They have scaling dimensions (h, h) = ( 12 , 0)
and (h, h) = (0, 12 ) with half-integral conformal spin h−h
and are not local bosonic operators. This implies that the
charge-2 spin-0 local bosonic operators in eqn. (C7) do
not belong to the gapless sector, and are gapped opera-
tors.
Another type of purely chiral low energy local opera-
tors is given by
ψαa(iσ
2σl)αβ(iσ
2)abψβb ∼e iϕcV su2
s
2
1,l ,
ψαa(iσ
2σl)αβ(iσ
2)abψβb ∼e iϕcV
su2s2
1,l .
(C8)
9These charge-2 spin-1 momentum 2kF =
1
2kB local
bosonic operators are electron pairs with same crystal
momenta, forming singlet in flavor channel and triplet
in spin channel. They have scaling dimensions (h, h) =
(1, 0) and (h, h) = (0, 1) also belong to the gapless sector
(see Table I).
Since the single chiral fermion contains e iϕc/2 from
eqn. (5), we deduce that the smallest possible radius and
level are R = 2 and N = 4, and the u1 CFT is more
precisely u14 CFT.
Now we construct the partition functions for the
critical state. The partition function must con-
tain a term χu140 χ
su22
0 χ
u14
0 χ
su22
0 , which corresponds
to the presence of a vacuum state. It must also
contain χu142 χ
su22
1 χ
u14
0 χ
su22
0 , χ
u14
0 χ
su22
0 χ
u14
2 χ
su22
1 and
χu142 χ
su22
1 χ
u14
2 χ
su22
1 , corresponding to the presence of the
local operators in (C8) and their product. Starting from
these spin-integer bosonic terms
(χu140 χ
su22
0 + χ
u14
2 χ
su22
1 )(χ
u14
0 χ
su22
0 + χ
u14
2 χ
su22
1 ) (C9)
there is a single solution of modular invariant partition
function (4)
Such a result implies that the bosonic ZA-CFT can be
realized by a spin- 12 fermion system. And all fermions
are gapped since the ZA-CFT contains no fermionic op-
erators. In other words, the ZA-CFT can be realized
by pairing fermions to form spin-1 bosons. Thus the two
spin-gapped superfluids for spin-1 bosons and their phase
transition su22⊕u1⊕su22⊕u1 can be realized, for exam-
ple, by spin- 12 electrons on a ladder (with doping). Such
a critical point and its neighboring spin-gapped states on
the ladder has been studied in Ref. 25–28. We emphasize
here the full partition function of the su22⊕u1⊕su22⊕u1
critical point, which allows us to calculate the scaling di-
mensions and the symmetry properties of all the local
operators. This calculation goes beyond the renormal-
ization group calculation of a few local operators, and
can handle more complicated problems where perturba-
tion calculations may fail.
The single relevant operator V
su2s2
1 V
su2s2
1 written in
terms of fermion operators as in (C4) with exchanged
the spin and flavor indices.
We have shown a construction of bosonic critical the-
ory from interacting fermion models. However, the con-
struction is still in terms of field theories. In the corre-
sponding lattice model, the interaction term, in particu-
lar, would involve complicated form.
Appendix D: Z2 orbifold of U(1)× SU(2) CFTs
1. Z2 orbifold construction of u(1)4 ⊕ su(2)2 CFT
For concreteness, we start with U(1)4×SU(2)2 WZW
theory, the fields g(z, z) take values in (φc(z, z), v(z, z)),
where φc is an angular variable, φc ∼= φc + 2piR is the
field in u(1)4 CFT with R = 2. And v(z, z) are matrix
representations of SU(2). Its partition function is ZB ,
also called diagonal partition function Zdiag. The WZW
action is invariant under gLgg
−1
R , where gL(z), gR(z) ∈
U(1)×SU(2). Consider a Z2 subgroup in U(1)×SU(2).
The nontrivial element in Z2 is the pi rotation of U(1)
part and the pi rotation around ẑ-axis of SU(2).
a : (φc(z, z), v(z, z))→
(
φc(z, z) + 2pi
R
2
,−v(z, z)
)
(D1)
For a representation |k, j〉, k = 0, 1, 2, 3; j = 0, 12 , 1, which
corresponds to the operator e i
k
2φcvj,j , it transforms as
a|k, j〉 = (−1)k+2j |k, j〉 (D2)
In Zdiag-CFT, the field g(z, z) has periodic boundary
condition in both space and time direction,
g(z + 1, z + 1) =a1g(z, z)
g(z + τ, z + τ) =a0g(z, z)
(D3)
where a0, a1 are identity. Now we twist Zdiag-CFT by Z2
group. The symmetry twist means to identify the fields
differing by an symmetry action in Z2. This generalizes
the allowed boundary condition to that a0, a1 taking el-
ements in Z2. The partition function is a summation of
ones with all allowed boundary conditions,
Zorb =
1
2
∑
a0,a1∈Z2
Za1,a0 (D4)
which is called an orbifold CFT. Zorb is modular invariant
if it satisfies the following
SZa1,a0 = Za0,a1 , T Za1,a0 = Za1,a1a0 (D5)
Now we describe a general procedure to construct an
orbifold partition function from a diagonal one,12 taking
ZB as a concrete example. First, we project the diagonal
CFT Zdiag = ZB shown in (IV) where taking M = 4,
to the Z2 symmetric partition function, that is, to keep
characters in Zdiag such that k + 2j ∈ 2Z,
Zproj =
(|χu140 |2 + |χu142 |2) (|χsu220 |2 + |χsu221 |2)
+
(|χu141 |2 + |χu143 |2) |χsu221
2
|2 (D6)
Next, we construct the following linear combination of
partition functions,
ZA = (1 + S + T S)Zproj − Zdiag (D7)
and find that it is modular invariant.
In Z2 orbifold CFT, the chiral charge-2 spin-1 oper-
ator e iϕV
su2s2
1,l acts like a “soliton” (or twist) operator
similarly as the spin operator σ in the CFT of a free
Majorana fermion, which changes the fermion bound-
ary condition from periodic to anti-periodic. Its operator
product expansions with operators in the periodic sector
Zproj generate the anti-periodic/twisted sector in ZA.
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operators spin q qt
kB
h, h restriction
V1,lV 1,l′ 0, 1, 2 0 0
1
2
, 1
2
e± i
√
M
2
(ϕ+ϕ) 0 ±M 0 M
8
, M
8
e± i
√
M
2
(ϕ−ϕ) 0 0 1 M
8
, M
8
e
± i m√
M
(ϕ+ϕ)
0 ±2m 0 m2
2M
, m
2
2M
m = 0 mod 2
e
± i m√
M
(ϕ−ϕ)
0 0 ± 2m
M
m2
2M
, m
2
2M
m = 0 mod 2
e
± i m√
M
(ϕ+ϕ)
V 1
2
,lV 1
2
,l′ 0, 1 ±2m 0 m
2
2M
+ 3
16
, m
2
2M
+ 3
16
m = 1 mod 2
e
± i m√
M
(ϕ−ϕ)
V 1
2
,lV 1
2
,l′ 0, 1 0 ± 2mM m
2
2M
+ 3
16
, m
2
2M
+ 3
16
m = 1 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V1,l 1 ±
(
M
2
+ 2m
) ± 1
2
(m+M2 )
2
2M
+ 1
2
, m
2
2M
m− M
4
= 1 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V 1,l 1 ±
(
M
2
+ 2m
) ± 1
2
(m+M2 )
2
2M
, m
2
2M
+ 1
2
m− M
4
= 1 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V 1
2
,lV 1
2
,l′ 0, 1 ±
(
M
2
+ 2m
) ± 1
2
(m+M2 )
2
2M
+ 3
16
, m
2
2M
+ 3
16
m− M
4
= 0 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V1,l 1 ±
(
M
2
+ 2m
) ∓ 1
2
m2
2M
+ 1
2
,
(m+M2 )
2
2M
m− M
4
= 1 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V 1,l 1 ±
(
M
2
+ 2m
) ∓ 1
2
m2
2M
,
(m+M2 )
2
2M
+ 1
2
m− M
4
= 1 mod 2
e
± i
[(√
M
2
+ m√
M
)
ϕ+ m√
M
ϕ
]
V 1
2
,lV 1
2
,l′ 0, 1 ±
(
M
2
+ 2m
) ∓ 1
2
(m+M2 )
2
2M
+ 3
16
, m
2
2M
+ 3
16
m− M
4
= 0 mod 2
TABLE VI. Z2 orbifold u(1)M ⊕ su(2)2 with M = 0 mod 4 critical point. m is an integer in [0, M2 ). The distinction for M = 0
mod 8 and M = 4 mod 8 cases is shown in the restrictions. The top block contains non-chiral/untwisted operators and the
bottom two blocks contain chiral/twisted operators.
2. Z2 orbifold u(1)M ⊕ su(2)2 CFT for M = 4 mod 8
and M = 0 mod 8
More generally, the orbifold CFTs exist in su(2)2 ⊕
u(1)M for M = 0 mod 4. Those with M = 4 mod 8
has similar structure as the case M = 4. The soliton
field is
OM
2 ,1
= e
i
M/2√
M
ϕ
V
su2s2
1,l (D8)
with scaling dimension (h, h) =
(
M
8 +
1
2 , 0
)
and charge-
M
2 spin-1. Since h is integral, the twist field is also a
bosonic field. The partition function is
ZM4orb =
 ∑
0≤j<M,even j
|χu1Mj |2
(|χsu2s20 |2 + |χsu2s21 |2)
+
 ∑
0≤j<M,odd j
|χu1Mj |2
 |χsu2s21
2
|2
+
∑
0≤j<M,even j
(
χu1Mj χ
su2s2
0 χ
u1M
j+M/2 mod Mχ
su2s2
1
+ χu1Mj χ
su2s2
1 χ
u1M
j+M/2 mod Mχ
su2s2
0
)
+
∑
0≤j<M,odd j
(
χu1Mj χ
u1M
j+M/2 mod M |χ
su2s2
1
2
|2
)
(D9)
The operator content is listed in Table VI. And there
is one operator carrying charge-2 spin-1.
In the case M = 0 mod 8, the scaling dimension h
of the chiral operator OM
2 ,1
is half-integral. Therefore,
it is forbidden in a modular invariant partition function.
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Nevertheless, the orbifold partition function is
ZM8orb =
 ∑
0≤j<M,even j
|χu1Mj |2
(|χsu2s20 |2 + |χsu2s21 |2)
+
 ∑
0≤j<M,odd j
|χu1Mj |2
 |χsu2s21
2
|2
+
∑
0≤j<M,odd j
(
χu1Mj χ
su2s2
0 χ
u1M
j+M/2 mod Mχ
su2s2
1
+ χu1Mj χ
su2s2
1 χ
u1M
j+M/2 mod Mχ
su2s2
0
)
+
∑
0≤j<M,even j
(
χu1Mj χ
u1M
j+M/2 mod M |χ
su2s2
1
2
|2
)
(D10)
Here, the twist operator is
e
i
M/2√
M
ϕ
V
su2s2
1
2 ,l
V
su2s2
1
2 ,l
′ , (D11)
with scaling dimension (h, h) =
(
M
8 +
3
16 ,
3
16
)
, which is
no longer a chiral current.
The operator content is also listed as in Table VI, but
with different restrictions (last column of the table). We
see all orbifold models have charge-2 spin-1 bosonic exci-
tations. Each has a single relevant operator with trivial
quantum numbers. They may all be effective theories to
describe the critical points between TSF ad nTSF. How
to distinguish them physically requires further studies.
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